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Abstract 

The generalized fc-connectivity Kk(G) of a graph G, introduced by Char- 
trand et al. in 1984, is a nice generalization of the classical connectiv- 
O . ity Recently, as a natural counterpart, we proposed the concept of gener- 

! alized &-edge-connectivity Xk(G). In this paper, graphs of order n such that 

^ \ Kk(G) = n — [~|] — 1 and Xk{G) = n — |~|] — 1 for even k are characterized, 

\ respectively. 

Keywords: (edge-)connectivity; Steiner tree; internally disjoint trees; edge- 
£N) ' disjoint trees; generalized (edge-) connectivity. 
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in ! 1 Introduction 
o 

m 

All graphs considered in this paper are undirected, finite and simple. We refer 
to the book [I] for graph theoretical notation and terminology not described here. 
The generalized connectivity of a graph G, introduced by Chartrand et al. in [2], 
is a natural and nice generalization of the concept of (vertex-)connectivity. For a 
graph G = (V, E) and a set S C V(G) of at least two vertices, an S-Steiner tree or 
a Steiner tree connecting S (or simply, an S-tree) is a such subgraph T = (V, E') 
of G that is a tree with S C V'. Two Steiner trees T and T' connecting S are 
said to be internally disjoint if E(T) n E(T') = and V(T) n V(T') = S. For 
S C V(G) and \S\ > 2, the generalized local connectivity k(S) is the maximum 
number of internally disjoint trees connecting S in G. Note that when \S\ = 2 a 
Steiner tree connecting S is just a path connecting the two vertices of S. For an 
integer k with 2 < k < n, the generalized k- connectivity Kk{G) of G is defined as 
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Kk(G) = min{n(S) : S C V(G) and \S\ = k}. Clearly, when \S\ = 2, k 2 {G) is 
nothing new but the connectivity k(G) of G, that is, k 2 (G) = k(G), which is the 
reason why one addresses Kk(G) as the generalized connectivity of G. By convention, 
for a connected graph G with less than k vertices, we set Kk(G) = 1. Set Hk(G) = 
when G is disconnected. Results on the generalized connectivity can be found in 

[anniiniiiiinjiniin!- 

As a natural counterpart of the generalized connectivity, we introduced the con- 
cept of generalized edge-connectivity in [15]. For 5* C V(G) and |5| > 2, the general- 
ized local edge- connectivity X(S) is the maximum number of edge-disjoint trees con- 
necting S in G. For an integer k with 2 < k < n, the generalized k- edge- connectivity 
Afc(G) of G is then defined as \k(G) = min{\(S) : S C V(G) and \S\ = k}. It is also 
clear that when \S\ = 2, \2{G) is nothing new but the standard edge-connectivity 
A(G) of G, that is, \2{G) = X(G), which is the reason why we address \k{G) as the 
generalized edge-connectivity of G. Also set Xk(G) = when G is disconnected. 

In addition to being natural combinatorial measures, the Steiner Tree Packing 
Problem and the generalized edge-connectivity can be motivated by their interesting 
interpretation in practice as well as theoretical consideration. 

From a theoretical perspective, both extremes of this problem are fundamen- 
tal theorems in combinatorics. One extreme of the problem is when we have two 
terminals. In this case internally (edge-) disjoint trees are just internally (edge- 
disjoint paths between the two terminals, and so the problem becomes the well- 
known Menger theorem. The other extreme is when all the vertices are terminals. 
In this case internally disjoint trees and edge-disjoint trees are just spanning trees of 
the graph, and so the problem becomes the classical Nash- Williams- Tutte theorem. 

Theorem 1. (Nash- Williams JTffl . Tutte /TP)/) A multigraph G contains a system 
of £ edge-disjoint spanning trees if and only if 

\\g/&>\\ >e(\&>\ - 1) 

holds for every partition ofV(G), where \\G/ &\\ denotes the number of crossing 
edges in G, i.e., edges between distinct parts of & . 

The generalized edge- connectivity is related to an important problem, which is 
called the Steiner Tree Packing Problem. For a given graph G and S C V(G), 
this problem asks to find a set of maximum number of edge-disjoint Steiner trees 
connecting S in G. One can see that the Steiner Tree Packing Problem studies 
local properties of graphs, but the generalized edge- connectivity focuses on global 
properties of graphs. The generalized edge-connectivity and the Steiner Tree Packing 
Problem have applications in VLSI circuit design, see (HIE [18]. In this application, 
a Steiner tree is needed to share an electronic signal by a set of terminal nodes. 
Another application, which is our primary focus, arises in the Internet Domain. 
Imagine that a given graph G represents a network. We choose arbitrary k vertices 
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as nodes. Suppose that one of the nodes in G is a broadcaster, and all the other nodes 
are either users or routers (also called switches). The broadcaster wants to broadcast 
as many streams of movies as possible, so that the users have the maximum number 
of choices. Each stream of movie is broadcasted via a tree connecting all the users 
and the broadcaster. So, in essence we need to find the maximum number Steiner 
trees connecting all the users and the broadcaster, namely, we want to get X(S), 
where S is the set of the k nodes. Clearly, it is a Steiner tree packing problem. 
Furthermore, if we want to know whether for any k nodes the network G has the 
above properties, then we need to compute Xk{G) = min{X(S)} in order to prescribe 
the reliability and the security of the network. 

The following two observations are easily seen from the definitions. 

Observation 1. Let k,n be two integers with 3 < k < n. For a connected graph G 
of order n, n k (G) < X k (G) < 5(G). 

Observation 2. Let k,n be two integers with 3 < k < n. If H is a spanning 
subgraph of G of order n, then X k (H) < X k (G). 

Chartrand et al. in [2] got the exact value of the generalized /c-connectivity for 
the complete graph K n . 

Lemma 1. fj|/ For every two integers n and k with 2 < k < n, n k (K n ) = n — \k/2\. 

In [JS] we obtained some results on the generalized /c-edge-connectivity. The 
following results are restated, which will be used later. 

Lemma 2. f75) / For every two integers n and k with 2 < k < n, X k (K n ) = n— \k/2\ . 

Lemma 3. [75] / Let k, n be two integers with 3 < k < n. For a connected graph G 
of order n, 1 < n k {G) < X k (G) < n — \k/2\. Moreover, the upper and lower bounds 
are sharp. 

We also characterized graphs attaining the upper bound and obtained the fol- 
lowing result. 

Lemma 4. [75] / Let k, n be two integers with 3 < k < n. For a connected graph G 
of order n, n k (G) = n — |~|] or X k (G) = n — |~|] if and only if G = K n for even k; 
G = K n \ M for odd k, where M is an edge set such that < \M\ < 

Like in [15] , here we continue to characterizing the graphs with large generalized 
/c-connectivity and generalized /c-edge-connectivity. Graphs of order n such that 
/tfc(G) = n — |~|] — 1 and X k {G) — n — |~|] — 1 for any even k are characterized, 
respectively. 

Theorem 2. Let n and k be two integers such that k is even and 4 < k < n, and G 
be a connected graph of order n. Then K k (G) — n — | — 1 if and only if G = K n \ M 
where M is an edge set such that 1 < A(K n [M}) < | and 1 < \M\ < k - 1. 



3 



The above result can also be established for the generalized /c-edge-connectivity, 
which is stated as follows. 

Theorem 3. Let n and k be two integers such that k is even and 4 < k < n, and G 
be a connected graph of order n. Then X k (G) — n — | — 1 if and only if G = K n \ M 
where M is an edge set satisfying one of the following conditions: 

(1) A(K n [M}) = landl< \M\ < Lf J ; 

(2) 2 < A(K n [M)) < | and 1 < \M\ < k - 1. 

2 Main results 

For a graph G, let V(G) and E(G) denote the set of vertices and the set of edges 
of G, respectively. As usual, the union of two graphs G and H is the graph, denoted 
by G U H, with vertex set V(G) U V(H) and edge set E(G) U E(H). Let mH be 
the disjoint union of m copies of a graph H. If M is a subset of edges of a graph G, 
the subgraph of G induced by M is denoted by G[M]. If M is the edge subset of G, 
then G\M denote the subgraph by deleting the edges of M. If M = e, we simply 
write G \ e for G \ {e}. If S C V(G), the subgraph of G induced by S is denoted 
by G[S}. For S C V(G), we denote G\S the subgraph by deleting the vertices of 
S together with the edges incident with them from G. We denote by Eq[X, Y] the 
set of edges of G with one end in X and the other end in Y. If X = {x}, we simply 
write E[x, Y] for ^[{x},!^. A subset M of E(G) is called a matching of G if the 
edges of M satisfy that no two of them are adjacent in G. A matching M saturates 
a vertex v, or v is said to be M -saturated, if some edge of M is incident with v; 
otherwise, v is M -unsaturated. If every vertex of G is M-saturated, the matching 
M is perfect. M is a maximum matching if G has no matching M' with \M'\ > \M\. 

Lemma 5. If G is a graph obtained from the complete graph K n by deleting an edge 
set M and A(K n [M]) > r, then X k (G) <n-l-r. 

Proof. Since A(K n [M]) > r, there exists at least one vertex, say v, such that 
dR n [M]{v) > r. Then d G (v) = n - 1 - d Kn[M] (v) < n - 1 - r. So 5(G) < d G (v) < 
n — 1 — r. From Observation (TJ Xk(G) < 5(G) < n — 1 — r. □ 

Corollary 1. For every two integers n and k with 4 < k < n, if k is even and 
M is an edge set of the complete graph K n such that A(K n [M]) > | + 1, then 
K k (K n \ M) < X k (K n \ M) < n - | - 1. 

Remark 1. From Corollary [TJ if n k (K n \M) = n - § - 1 or X k (K n \M) = n- f - 1 
for k even, then A(K n [M]) < |. 

In [15], we stated a useful Lemma for a general k. 

Let S = {ui, u 2 , ■ ■ ■ , C and S = V(G) \ S — {wx, w 2 , ■ ■ ■ , 

Denote by ^ a maximum set of edge-disjoint trees connecting 5 in G. Let ^ be 
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the set of trees in & whose edges only belong to E(G[S]), and let ^% be the set of 
trees containing at least one edge of E G [S, S]. Thus, & — £?\ U 

Lemma 6. fT^j Let G be a connected graph of order n, and S C V(G) with \S\ = 
k (3 < k < n), and T be a Steiner tree connecting S. If T G then T uses 
exactly k — 1 edges of E{G[S}) U Eq[S, S}; If T G r%, then T uses at least k edges 
ofE(G[S})UE G [S,S}. 

Lemma 7. For every two integers n and k with 4 < k < n, if k is even and M is 
an edge set of the complete graph K n such that \M\ > k and A(K n [M]) > 2, then 
X k {K n \M)<n-\-l. 

Proof. Set G = K n \M. We claim that there is an S C V(G) with \S\ = k such that 
\M n (E(K n [S]) U E Kn [S, S])\ > k and |Mn (E(K n [S])\ > 1. Choose an edge set 
M' C M such that \M'\ = k. Suppose that K n [M'] contains s independent edges 
and r connected components C±, • ■ ■ ,C r such that A(Cj) > 2 (1 < i < r). Set 
|Cj| = Hi and \E(Ci)\ = rrii. Then rrii > ni — 1. For each Cf (1 < i < r), choose one 
of the vertices with the maximum degree, say Mj. Set Xi = V{Ci) \ Ui. 

If there exists some Xj such that ^(^[X,])! > 1, then choose I;C5 for all 1 < 
i < r. Since |Cj| = and Xj = V(Ci)\ui, we have |X| = rij — 1. By such a choosing, 
the number of the vertices belonging to S is Y^i=i 1^1 = Si=i( n « — -0 — X]i=i m « — 
k — s. In addition, choose one endpoint of each independent edge into S. Till now, 
the total number of the vertices belonging to S is X)[=i l-^l + s — — s) + s = fc. 
Note that if ^[=i 1^1 + s < k, then we can add some other vertices in G into S 
such that | SI = k. Thus all edges of E(Ci) and the s independent edges are put 
into E(K n [S\) U E Kn [S, S], that is, all edges of M' belong to E(K n [S}) U ^[5, S}. 
So |M n (£?(if n [5]) U E Kn [S, S})\ > k, as desired. Since ^{K^X^ > 1, it follows 
that |M n (E(iir n [S])| > 1, as desired. 

Suppose that ^(if^Xj])! = for all 1 < i < r. Then each Cj must be a star such 
that |i?(Cj)| > 2. Recall that Ui is one of the vertices with the maximum degree in 
C{. Pick up one vertex from V{Ci) \ ui, say v «. Put all the vertices of Yi = V{Ci) \ v.i 
into S, that is, Yi C 5. Thus = rij — 1. In addition, choose one endpoint of 
each independent edge into S. By such a choosing, the total number of the vertices 
belonging to S is YJi=i \ Y i\ + s = Yn=i( n i ~ 1) + s < YIi=i m i + s < (k - s) + s = k. 
Note that if YH= i 1^1 + s < A; then we can add some other vertices in G into S 
such that | S \ = k. Thus all edges of E(Ci) and the s independent edge are put into 
E(K n [S}) U E Kn [S, S), that is, and all edges of M' belong to E{K n [S}) U E Kn [S, S). 
So \M<1 (E(K n [S)) UE Kn [S,B\)\ > k, as desired. Since \E(d)\ > 2, it follows 
that there is an edge UiWi G M D XnfS 1 ] where G V(Ci) \ fj, which implies that 
|M n (E(AT n [S])| > 1, as desired. 

From the above, we conclude that there exists an S C V(G) with \S\ = k such 
that \MH (E(K n [S])UE Kn [S : S])\ > k and |M D (E(iir n [S])| > 1. Since each tree 
T G uses fc-l edges in E(G[5])UE G [5, S], it follows that |^| < ((*)-l)/(Jfe-l) = 
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I — ^-j-, which results in \ < § — 1 since is an integer. From Lemma El each 
tree T e .% uses at least k edges of E(G[S)) U £ G [S, 5]. Thus \^\(k - 1) + |^|A; < 
\E(G[S})\ + |£ G [S,S]|, that is, \&i\k + |^ 2 |fc < |^i| + (J) + - k) - k. So 
A fe (G9 = |^| = |^| + |^| < n - | -l-i< n- f-1. □ 

Remark 2. From Lemmas [3] and El if K k (K n \M) = n-f-1 or X k (K n \M) = n-f-1 
for k even and 2 < A(K n [M}) < §, then 1 < \M\ < k - 1, where M C £(if n ). 

Lemma 8. For every iwo integers n and k with 4 < k < n, if k is even and M is 
an edge set of the complete graph K n such that \M\ > k and A(K n [M}) = 1, then 
K h {K n \M)<n-\-l. 

Proof. Since A(K n [M]) = 1, M is a matching in K n . Since \M\ > k, we can 
choose Mi C M such that \M\\ = k. Let M\ = {wjU>j|l < i < k}. Choose 
S = {«!, w 2 , • • • , Mfc}- We will show that k(S) < n — | — 1. Clearly, l^l = n — k, and 
let 5* = u; 2 , ■ ■ • , w n ^k}- Since each tree in ^ contains at least one vertex of 5", 
we have \3? 2 \ < n - k. By the definition of ^i, we have \^[\ < §. If |^i| < § - 2, 
then A(5) = |^| = + |^| < (§ - 2) + (n - k) = n - \ - 2 < n - § - 1, as 
desired. Let us assume | — 1 < |«^| < |. 

Consider |^| = | — 1. Recall that |^| < n — k. Furthermore, we claim that 
|^| < 7i — A; — 1. Assume, to the contrary, that = n — k. Let T 1; T 2 , • • • ,T n _ k be 
the n — k trees connecting S* in For each tree Tj (1 < z < n — A:), this tree only 
occupy one vertex of S, say W{. Since UiWi G Mi (1 < i < A;), namely, UjWj ^ E(G), 
and each Tj (1 < z < A;) is a tree connecting S* in it follows that this tree Tj 
must contain at least one edge in G[S] = K k . So the trees Ti,T 2 , • ■ ■ ,T k must use 

at least A; edges in G[S], and |^| = ^ = — rzr- Since is an integer, we 
have < ^p, a contradiction. We conclude that \^\ < n — k — 1, and hence 
\(S) = = |^| + |^| < (|_i) + ( n _fc-l) = n _|_2 < n-f-1, as desired. 

Consider |^| = |. We claim that |^| < n — k — 2. Assume, to the contrary, 
that n — A; — 1 < \,%\ < n — k. Since |^| = |, it follows that each edge of G[S] 
is occupied by some tree in which implies that each tree in ^ only uses the 
edges of Eg[S, S] U E(G[S]). Suppose that T\ is a tree in ^ connecting iwi. Since 
ni^i ^ E(G), if Ti contains three vertices of 5, then the remaining n — k — 3 
vertices in .S must be contained in at most n — k — 3 trees in ^ which results 
in \,%\ < (n — k — 3) + 1 = n — k — 2, a contradiction. So we assume that the 
tree 7\ contains another vertex of S except w±, say u> 2 . Recall that k > 4. Then 
|5| > A; > 4. By the same reason, there is another tree T 2 containing two vertices of 
S, say W3, u>4. Furthermore, the remaining n — k — A vertices in 5^ must be contained 
in at most n — k — A trees in which results in \ ^ 2 \ — {n — k — A) + 2 = n — k — 2, 
a contradiction. We conclude that < n — k — 2. Combining this with |^| = |, 
we have \(S) = \&\ = \^\ + |^| < | + (tz - k - 2) = ti - | - 2 < n - § - 1, as 
desired. □ 
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Lemma 9. If n (n > 4) is even and M is an edge set of the complete graph K n 
such that 1 < \M\ < n - 1 and 1 < A(K n [M}) < f , i/ien G — K n \M contains ^ 
edge- disjoint spanning trees. 

Proof. Let ^ = Ui=i ^ be a partition of V(G) with |Vj| = rij (1 < % < p), and 
£ p be the set of edges between distinct blocks of in G. It suffices to show that 
\£p\ > 1 ^r L {\^ > \ ~ 1) so that we can use Theorem [TJ 

The case p — 1 is trivial by Theorem [U thus we assume p > 2. For p = 2, we 
have ^ = K U V 2 . Set |K| = n x . Clearly, |V 2 | = n - n x . Since A(if„[M]) < f , it 
follows that 5(G) = n - 1 - A(K n [M\) >n-l-f = ^. Therefore, if m = 1 
then |£ 2 | = |£ G [Vi,V 2 ]| > ^ = 2 f 2 - Suppose m > 2. Then |£ 2 | = ^[Vi, V^]] > 
(2) - (n - 1) - f^) - ( n ~ ni ) = -71? +nm-n+l. Since 2 < m < n - 2, one 
can see that \£ 2 \ obtain its minimum value when n\ = 2 or ri\ = n — 2. Thus 
|£ 2 | > w — 3 > since n > 4. The result follows from Theorem [U 

Consider the remaining case p with 3 < p < n. Since \£ p \ > (™) — |M| — 

£!=i ft) > G) - (« - i) - ELi ft 1 ) = (V) - TLi ft), ° nl y ^d to 

show (V) - ELi ft) > ^(p - 1), that is, (n - p)*=2 > ELi ft)- Let 
/(ni, n 2 , • • • , n p ) = ^f =1 ft 4 ). Then we only need to prove that (n — p) 1 ^ > 
fmax( n i,n 2 , ■ • • ,ti p ). Because f(ni,n 2 , ■ ■ ■ ,n p ) = Ym=i ft') achieves its maximum 
value when 71 1 = n 2 = ■ ■ ■ = = 1 and n p = n — p + 1, we need inequality 

(n-p)^> Q (p - 1) + ("~2 +1 ), namely, (n-p)l~>0. It is easy to see that the 
inequality holds since 3 < p < n. Thus, \£ p \ > g) - \M\ - Y7 i=1 ft) > ^(p ~ 1). 
From Theorem 1, there exist edge-disjoint spanning trees in G, as desired. □ 

Lemma 10. Let k, n be two integers with 4 < k < n, and M is an edge set of the 
complete graph K n satisfying A(K n [M]) = 1. Then 

(1) // \M\ = k- 1, then K k (K n \ M) > n - § - I; 

(2) If\M\ = LfJ, toen A fe (iT n \ M) > n - § - 1. 

Proof. (1) Set G = K n \M. Since A(if n [M]) = 1, it follows that M is a matching 
of K n . By the definition of Kk(G), we need to show that k(S) > n — | — 1 for any 
S C V(G). 

Case 1. There exists no m, w in S such that w e M. 

Without loss of generality, let S = {u\, u 2 , ■ • • , such that Ui, u 2 , ■ ■ ■ ,u r are 
M-saturated but u r+ i, u r+2 , ■ ■ ■ are M-unsaturated. Let Mi = < i < 

r} C M. Since \M\ = k-1, it follows that < r < k-1. In this case, i M {I < 
i,j < r )- Clearly, G[>S] is a clique of order k, and choose a path P = u\u 2 ■ ■ -u r u r+ i 
in G[S}. Let G' = G \ £(P). Then G'[5] = K k \ E(P). Since |S(P)| = r < 
k-1 and A(K k [E(P)]) = 2 < |, it follows that contains spanning 

trees, which are also internally disjoint connecting S. These trees together with 
Ti = uiWiUu 2 WiUui-iWiUu i+ iWiU- ■ -UukWiUuiU^i (1 < i < r) (see Figure 1 (a)) and 
Tj = uiVj U u 2 Vj U ■ • • U u k vj where Vj — S \ {wt, iw 2 , • • • , w r } = {vi, v 2 , ■ ■ ■ , w n _ fe _ r } 
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form + r + (n — k — r) = n — ~ — 1 internally disjoint trees connecting S, namely, 
k(S) > n — | — 1, as desired. 

Case 2. There exist u,w in S" such that w G M. 

Without loss of generality, let S = {ui,u 2 ,--- ,u r ,u r+ i,u r+2 , • ■ ■ ,u r+s ,u r+s+ i, 
■ ■ ■ , Uk-r, Wi, W2, ■ ■ ■ , w r } such that the vertices u±, u 2 , ■ ■ • , u r+s , Wi, w 2 , ■ ■ ■ ,w r are 
all M-saturated and UiWi G M (1 < i < r). Set M\ = {uiWi\l < z < r}. In this 
case, r > 1 and 2r + s < k. Since |M| = k — 1, it follows that r + s < k — 1 and 
s < k - 2. 

First, we consider 2r + s = k. Since k is even, it follows that s is even. If s = 0, 
then r = |. Thus 5 = {mi,m 2 , ••• , , wi, u> 2 , • • • , Wk}. Clearly, Ml = < 
« < f}, | Mi | = f < fc - 1 and A(if n [Mi]) = 1 < |. By Lemma El G[S] contains 
spanning trees, which are also internally disjoint trees connecting S. These 
trees together with Tj = U\Vj U u 2 Vj U ■ • • U UkVj U W\Vj U w 2 Vj U ■ • • U WkVj form 
+ (n — k) internally disjoint trees, where Vj G S = {v±,v 2 , ■ ■ ■ ,v n -k}, namely, 
k(S) > n - | - 1. 




(c) (d) 
Figure 1. Graphs for (1) of Lemma [TU1 

Consider s = 2. Since 2r + s = k, we have r = ^p. If fc = 4, then r = 1 and 

hence S = {u±, u 2 , u 3 , W\\. Clearly, Mi = {uiWi}, and the trees T\ = uiu 2 U U\W 2 U 

W\W 2 U U2,w 2 and T 2 = UiU^ U M2M3 U u 2 w± and T 3 = WiU>3 U u 2 w^ U u>iu>3 U U3W1 

are three internally disjoint spanning trees connecting S; see Figure 1 (c). These 

trees together with Tj = U\Vj U u 2 Vj U M 3 fj U W\Vj form 3 + (n — 6) internally 

disjoint trees, where Vj G <S \ {u> 2 , w 3 } = {t>i, v 2 , • • • , v n - 6 }, namely, tz(S) > n — 3 = 

ra—l — l. Assume /c > 6. Then r > 2, 5 = {ui, u 2 , ■ • ■ , Uk+2,Wi,w 2 , ■ ■ ■ , } and 
z 22 

Mi = {UiwAl < i < Clearly, the trees T\ = UiWk U u 2 Wk U • • • U Uk^Wk U 
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Uk+2Wk U u^Uk U W\Wk U W2Wk U • • ■ U Wk^Wk and T 2 = UiWk+2 U M 2 u>fc+2 U ■ ■ • U 
22222 22 2 2 

UkWk+2 U U\Uk±2 U Wiu;fc+2 U W2Wk+2 U • ■ ■ U Wk^Wk+2 are two internally disjoint 

22 2 2 2 22 

trees connecting S; see Figure 1 (<f). Let M 2 = Mi U {uiUk+2,U2Uk}. Then |M 2 | = 
I Mi I + 2 = ^ + 2 = ^<A;-land A(# n [M 2 ]) = 2 < §, which implies 
that G[S] \ {uiUk+2,U2Uk} = K k \ M 2 contains spanning trees by Lemma [91 
which are also internally disjoint trees connecting S. These trees together with 
Ti, T 2 and the trees Tj = MiUj U w 2 Uj U ■ ■ • U Uk+2Vj U Wit^ U u> 2 t>,,- U • • • U Uk^Vj are 
^^+2+(n— fc— 2) internally disjoint trees connecting S, where Vj E S\{wk,Wk+2} = 
{vt,v 2 , • • • , v n - k - 2 }, namely, k(S) > n - § - 1. 

Consider the remaining case s with 4 < s < k — 2. Clearly, there exists a cycle of 
order s containing u r+ \, u r+2 , • ■ ■ , u r+s in K k \ Mi, say G s = u r+ iU r+ 2 ■ ■ ■ u r+s u r+ i. 
Set M' = Mi U £(G S ). Then |M'| = r + s < fc - 1 and A(K n [M')) = 2 < §, 
which implies that G \ E(C S ) = K k \ M' contains spanning trees by Lemma 
IHJ These trees together with the trees T r+ j = Uiiu r+ j U u 2 w r+ j U • • • U u r+ j^iw r+ j U 
u r+ j + iW r+ jU- ■ ■Uu r+s w r+ jUu r+ jU r+ j + iUwiW r+ jUw2'W r j r jU- ■ - VJw r w r+ j (1 < j < s) 
form + s internally disjoint trees; see Figure 2 (b) (note that u r+s = Uk- r )- 
These trees together with Tj = u\Vj U w 2 fj U • • • U u r+s Vj U w\v j U • • • U w r Vj form 
+ s + (n — 2r — 2s) = n — | — 1 internally disjoint trees connecting S* where 
vj eS\ {w r+1 , w r+2 , ■■ , w r +s} = {vi,v 2 , • • • , v n _ 2 r-2s}, namely, k(S) > n - § - 1, 
as desired. 

Next, assume 2r + s < k. Then 5* = {u\, u 2 ,--- , w r + s , u r+s+1 , ■ - • , Ufc_ r , iwi, w 2 , 
• ■ ■ , w r } and r + s + l<&; — r. If s — 0, then 5 = {u±, u 2 , ■ ■ ■ , Wfc-r, ^1, ^2, ■ • ■ , w r }. 
Clearly, Mi = {u^l < i < r}, |Mi| = r < k - 1 and A(# n [Mi]) = 1 < §. 
By Lemma [9j G[S] contains spanning trees. These trees together with Tj = 
U\Vj U u 2 Vj U ■ • ■ U u n - r Vj U WiVj U u^-u,- U ■ ■ • U w r Vj form + (n — k) internally 
disjoint trees, where Vj G S = {vi, v 2 ,--- , v n _ k }, namely, k(S) > n — | — 1. Assume 
s > 1. Clearly, there exists a path of length s containing w r +i, «r+2, • • • , u r+s , u r+s+ i 
in G[S], say P s = n r+ iu r+2 • ■ • u r+s u r+s+ i. Set M' = Mi U E(P S ). Then |M'| = 
r + s < k - 1 and A(K n [M'}) = 2 < |, which implies that \E(P S ) = K k \M' 
contains spanning trees by Lemma |9], which are also internally disjoint trees 
connecting 5*. These trees together with the trees T r+ j = ui%u r+ j U u 2 w r+ j U • ■ ■ U 
u r+ j-iw r+ j U u r+ j + iw r+ j U • • • U Uk- r w r+ j U u r+ jU r+ j + i U W\W r+ j U W2W r+ j U • • • U 
w r w r+ j (1 < j < s) form + s internally disjoint trees; see Figure 1 (b). These 
trees together with Tj = u\Vj U U2Vj U • ■ ■ U Uk~ r v j U Wif 7 - U w 2 t;j U ■ • • U w r Vj form 
+ s + (n — k + r) — (r + s) = n — | — 1 internally disjoint trees connecting S" where 
GS \ {w r+ i, w r+2 , • • • , w r+s } = {f 1, v 2 , • • • , ^n-fe-J, namely, k(S') > n - § - 1, 
as desired. 

We conclude that k(S') > n — | — 1 for any S C From the arbitrariness 

of S 1 , it follows that K k (G) > n — | — 1. 

(2) Set G = i^ n , \ M. Assume that n is even. Thus M is a perfect matching of 
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K n , and all vertices of G are M-saturated. By the definition of \k{G), we need to 
show that X(S) > n - § - 1 for any S C V(G). 

Case 3. There exists no u, w in S such that uw G M. 

Without loss of generality, let S = {ui,u 2 , • • • , In this case, u(Uj ^ M (1 < 
z,j < fc). Let Mi = {n^ill < i < k} C M = {u^l < z < §}. Clearly, 
i^i ^ 5" (1 < i < |) and Uj S {k + 1 < j < |). Since GfS 1 ] is a clique of order 
k, it follows that there are | edge-disjoint spanning trees in G^], which are also 
| edge-disjoint trees connecting S. These trees together with T = U\W{ U u 2 Wi U 
Ui-iWi U Ui + \Wi U ■ ■ • U MfcU'j U MjWfc U WiWk (1 < i < k — 1) (see Figure 2 (a)) and 
Tj = UiUjUu2UjU- ■ -UUkUj (k+1 < J < f ) and Tj' = Wiu>j U^WjU- ■ -UUkWj (k + 1 < 
j < |) form | + (fc — 1) + (n — 2k) = n — | — 1 edge-disjoint trees connecting S, 
namely, \(S) > n — | — 1, as desired. 

Case 4. There exist u, w in 5 such that mw G M. 

Without loss of generality, let S = {u\,U2, ■ • ■ , w r +s, wi, W2, ■ ■ ■ , uv} with | jS' j = 
k = 2r + s, where 1 < r < § and < s < k - 2. Set Mi = {w^l < i < r} C 
M = < z < |}. We claim that r + s < k — 1. Otherwise, let r + s = k. 

Combining this with 2r + s = k, we have r = 0, a contradiction. Since k = 2r + s 
and is even, it follows that s is even. 




(a) (6) 
Figure 2. Graphs for (2) of Lemma fTUl 
If s = 0, then r = f . Clearly, S 1 = {wi, w 2 , • • • , w<:,m'i, "^2, • • • and Mi = 

2 2 

M = < % < §}. In addition, \M\\ <\<k- \ and A(M n = 1 < §. 

Then GfS] contains edge-disjoint spanning trees connecting S by Lemma |9j 
These trees together with T = uiUiUu2UiU- ■ ■UukU i UwiU i Uw2UiU- ■ -UwkUi + 1 < 

2 2 z 

i < § ) and T/ = WiWj Uw2U>i U • • • UM|Wj UwiWj U^W; U • • • UwkWi (| + 1 < i < |) 
form n — | — 1 edge-disjoint trees connecting S 1 , namely, A (5) > n — | — 1. 

If s = 2, then r = ^=^. Then S = |mi,m 2 , • • • ,Uk+2,Wi,W2, • • • , Wk^} and 

A 2 2 

Mi = < % < C M. If /c = 4, then r = 1 and hence S = {u±, U2, M3, wj. 

Clearly, Mi = {miWi}, and the trees T x = Uiu 2 U M1W2 U Wiw 2 U u 3 w 2 and T 2 = 
M1M3 U M2W3 U M2W1 and T 3 = M1W3 U M2W3 U W1W3 U M3W1 are three edge-disjoint 
spanning trees connecting S; see Figure 1 (c). These trees together with Tj = 
uiUjUu2UjUu 3 UjUwiUj (4 < k < |) and Tj = uiw^U^WjUusw^U^iu,- (4 < A; < |) 
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form 3 + (n — 6) edge-disjoint trees connecting S, namely, \(S) > n — 3 = n — | — 1, 
as desired. Assume k > 6. Then r > 2, S 1 = |n 1 ,n 2 ,-- - , Ufc+2 , un, u> 2 , • ■ ■ , Wk-2 1 

2 2 

and Mx = \uiiuAl < i < ^i^}. Clearly, the trees T x = uiWk Uu 2 Wk U- • ■Uuhm*; U 

2 2 2 2 2 

Uk+2WkUu2UkUwiWk Uw 2 w k U- ■ -Liu; ^ u>fe and T 2 = Uiiyfe+sUu^fc+s U- • ■UMtWt+2U 

22222 22 2 2 22 

Mi«*+2 UwiWfe+2 UM)2Wt+2 U - ■ ■ Uwwww are two edge-disjoint trees connecting S: 

2 2 2 2 2 

see Figure 1 (d). Let M 2 = Mi U {u^k^ , w 2 W|}. Then |M 2 | = |Mi| + 2 = ^ + 2 = 
^ < k -1 and A(if n [M 2 ]) = 2 < |, which implies that G[S] \ {uiitk±2,u 2 Uk} = 
Kk \ M 2 contains spanning trees by Lemma [91 These trees together with Ti,T 2 
and the trees Tj = uiUjUu 2 UjU- ■ -Uuk+2 UjUw-j UjDw^.Uj U • • -Uuk^Uj (f+2 < j < |) 
and Tj = u\Wj U M 2 Wj U • ■ ■ U uwWj U u>iu>j U u> 2 u>j U • ■ ■ U Uk^Wj (| + 2 < j < |) 
are + 2 + (n — k — 2) edge-disjoint trees connecting 5", namely, \(S) > n — | — 1, 
as desired. 

Consider the remaining case s with 4 < s < k — 2. Clearly, there exists a cycle of 
order s containing u r+ i, u r+2 , • ■ ■ , u r+s in Kk \ Mi, say C s = u r+ iu r+2 ■ ■ ■ u r+s u r+ i. 
Set M' = Mi U £(C S ). Then |M'| = r + s < - 1 and A(K n [M')) = 2 < §, 
which implies that G \ E{C S ) contains %p edge-disjoint spanning trees connecting 
S by Lemma These trees together with the trees T r+J - = uiw r+ j U u 2 w r+ j U • ■ ■ U 

U r+ j-\W r+ j U M r+ j + iW7 r+ j U ■ ■ • U M r+s W r+ j U U r+ jU r+ j + \ U W\W r+ j U W 2 W r+ j U • • • U 

w r w r+ j (1 < j < s) form + s edge-disjoint trees; see Figure 2 (6). These trees 
together with T[ = U\Ui U u 2 Ui U ■ ■ • U u r+s Ui U WiUi U • • • U w r Ui (r + s + l<i<|) 
and T" = UiWi U w 2 u>i U • • ■ U u r+s Wi U WiW; U • ■ ■ U w r Wi (r + s + l<2<^) form 
[n — 2r — 2s) + + s) = n — | — 1 edge-disjoint trees connecting S since 2r + s = k, 
namely, \(S) > n — | — 1, as desired. 

We conclude that A(S') > n — | — 1 for any 5 C V{G). From the arbitrariness 
of S, it follows that X k (G) > n - § - 1 For n odd, M is a maximum matching and 
we can also check that \k(G) > n — | — 1 similarly. □ 

Lemma 11. Let n and k be two integers such that k is even and 4 < k < n. If M is 
an edge set of the complete graph K n such that \M\ = k — 1, and 2 < A(K n [M]) < | 7 
then n k (K n \ M) > n - \ - 1. 

Proof. For n = k, there are edge-disjoint spanning trees by Lemma [9l namely, 
A n (C) > Dl y l . So from now on, we assume n > k + 1. Let S = {u\,u 2 , ■ ■ ■ ,u k } Q 
V{G) and S = V{G) \ S — {wi, w 2 , • • • , w n _k}- We have the following two cases to 
consider. 

Case 1. M C E(K n [S]) U E(K n [S]). 

Let M' = M n E(K n [S}) and M" = M n E(K n [S]). Then |M'| + \M"\ = 
\M\ = k - 1 and < \M'\, \M"\ < k - 1. We can regard as a complete 

graph if fc by deleting |M'| edges. Since 2 < A(K n [M]) < | and M' C M, it follow 
that A(K n [M']) < A(K n [M]) < |. From Lemma El there exist ^ edge-disjoint 
spanning trees in G[S). Actually, these edge-disjoint spanning trees are all 
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internally disjoint trees connecting S in G[S}. All these trees together with the trees 
Tj = WiU\ UWiU 2 U ■ ■ - UWiUk (1 < i < n — k) form ^^ + (n — k) — n— | — 1 internally 
disjoint trees connecting S 1 , namely, n(S) > n — | — 1. From the arbitrariness of 5*, 
we have Kk(G) > n — | — 1, as desired. 
Case 2. M G: £?(if n [5]) U 

In this case, there exist some edges of M in Ej^S*, S]. Let M' = Mfl-E(i ; r n [S']), 
M" = M n £(K n [S]), and |M'| = mi and |M"| = m 2 . Clearly, 0<m;<£;-2(z = 
1,2). For Wi G 5, let \E Kn [M^[wi, S]\ = x iy where 1 < i < n — k. Without loss 
of generality, let xi > x 2 > • • • > x n -k- Because there exist some edges of M 
in E Kn [sJ], we have x x > 1. Since 2 < A(K n [M]) < §, a* = |^„ M K,^]| < 
<ix n [M](wi) < A(if n [M]) < | for 1 < i < n — k. We claim that there exists at most 
one vertex in if n [M] such that its degree is |. Assume, to the contrary, that there 
are two vertices, say w and w', such that dK n \M\{w) = d Kn ^{w') = |. Then \M\ > 
d>K n [M\{w) + dx n [M]{w') > | + | = k, contradicting to \M\ = k — 1. We conclude 
that there exists at most one vertex in i"T n [M] such that its degree is |. Recall that 
Xn-k < ^n-fe-i < • • • < X2 < X\ < |. So X\ — | and X, < (2 < z < n — fc), or 
Xi < (1 < i < n — fc). Since \E Kn [ M ][wi, S]\ = x iy we have \E G [wi, S] \ = k — Xj. 
Since 2 < A(K n [M)) < |, it follows that S(G[S)) >k-\-\ = ^. 

Our basic idea is to seek for some edges in G[S], and combine them with the edges 
of E G [S, S] to form n — k internally disjoint trees, say Ti,T 2 , ■ ■ ■ ,T n - k , with their 
roots wi, w 2 , ■ ■ • , w n -k, respectively. Let G' — G \ U™Zi E{Tj). We will prove that 
G'[S] satisfies the conditions of Lemma [9] so that G'[S] contains edge-disjoint 
trees, which are also internally disjoint trees connecting S. These trees together 
with Ti, T 2 , • • ■ , T n _k are n — | — 1 our desired trees, namely, k(S) > n — | — 1. So 
we can complete our proof by the arbitrariness of S. 

For wi G S, without loss of generality, let S = SluS 2 and Si = {ui, u 2 , ■ ■ ■ , u xi } 
such that UjW\ G M for 1 < j < X\. Set S\ = S\S\ = {u Xl+ i, u Xl+2 , ■ ■ ■ ,Uk}. Then 
UjWi G E(G) for Xi + 1 < j < k. One can see that the tree T{ = wiU xl+ iU WiU Xl+2 U 
• ■ ■ U wiUk is a Steiner tree connecting S 2 . Our current idea is to seek for x\ edges 
in Eq[SI,S 2 ] and add them to T[ to form a Steiner tree connecting S. For each 
% G (1 < j < Xi), we claim that \E G [uj, S 2 } \ > 1. Otherwise, let \E G [uj, Sl]\ = 0. 
Then \E Kn [ M] [uj, Sl]\ = k - x x and hence \M\ > \E Kn[M] [uj, S^]] + d Kn[M] {w x ) > 
{k — xi) +xi = k, which contradicts to \M\ = k — 1. We conclude that for each Uj G 
Si (1 < J ' < x\) there is at least one edge in G connecting it to a vertex of S 2 . Choose 
the one with the smallest subscript among all the vertices of Si with the maximum 
degree in G[S], say u[. Then we search for the vertex adjacent to u[ with the smallest 
subscript among all the vertices of S% with the maximum degree in G[S], say u'{. Let 
en = u[u". Consider the graph Gn = G\en, and pick up the one with the smallest 
subscript among all the vertices of Si \ u\ with the maximum degree in Gn [S] , say 
u' 2 . Then we search for the vertex adjacent to u 2 with the smallest subscript among 
all the vertices of Si with the maximum degree in Gn[5], say u 2 . Set e 12 = u 2 u 2 . 
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Consider the graph G\2 = Cn\ei2 = G\{en, e^}. Choose the one with the smallest 
subscript among all the vertices of S\ \ {u[, u' 2 } with the maximum degree in Gi 2 [S], 
say u' 3 , and search for the vertex adjacent to u' 3 with the smallest subscript among 
all the vertices of S 2 with the maximum degree in Gi 2 [S], say u 3 . Put ei3 = u' 3 u 3 . 
Consider the graph G13 = G\i \ en — G \ {en, ei2, For each Uj E Si (1 < 

j < xi), we proceed to find ex4,e 15 , • • • ,ei Xl in the same way, and obtain graphs 
Gij = G \ {eii,ei 2 , • • • ,ei (i _i)} (1 < j < xi). Let M 1 = {e u ,e 13 ,-- - ,e la;i } and 
G*i = G\M\. Thus the tree T\ = WiM^j+i UwiM Xl+2 U • • •UwiM/ c UeiiUei 2 U- • -Uei^ 
is our desired tree. 

Let us now prove the following claim. 

Claim 1. 6(Gi[S]) > 
Proof of Claim 1. Assume, to the contrary, that 5(Gi[S]) < Then there exists 
a vertex u p E S such that c?Gi[s]( n p) < ^p- If M p G S 2 , then by our procedure 
d G [s}{u P ) = d Gl[ s](u p ) + 1 < which implies that d MnKn[S ](u p ) > k - 1 - ^ = 
|. Since G M, it follows that d Kn [ M ](u p ) > d MnKn [ S ](u p ) + 1 > which 

contradicts to A(i^ n [M]) < |. Let us now assume u p E S\. By the above procedure, 
there exists a vertex u q E Si such that when we pick up the edge e±j = u p u q (1 < j < 
x\) from Gi(j-\)[S] the degree of u p in Gij[S] is equal to That is d Gl .[ S ^(u p ) = 
^ and ^^.^[5]^) = ^p. From our procedure, \E G [u q ,S\}\ = I^g^d K, S%\ |. 
Without loss of generality, let S'2] | = t and u q Uj E E(G) for xi + 1 < j < 

x\ + 1; see Figure 3 (a). Thus u p E {u Xl +i,u Xl +2, ' " ,u Xl +t}, an d u q uj E M for 
x\ + t + 1 < j < k. Because I-Eg^, Sj] | > 1 for each Uj E Sj (1 < j < x±), we 
have t > 1. Since d Glu _ 1)[S ](u p ) = by our procedure d Glw _ 1)[5 ](itj) < f or 
each G Sg (xi + 1 < j < X\ + t). Assume, to the contrary, that there is a vertex 
u s (xi + 1 < s < X\ + t) such that d Glu _ 1) [ S ](u s ) > ^=^. Then we should choose 
the edge u q u s instead of e±j = u q u p by our procedure, a contradiction. We conclude 
that d Gl( ._ 1) [s](u r ) < ^jp for each u r E Si (x± + 1 < r < x± + 1) . Clearly, there are 
at least k — 1 — ^p = § edges incident to each u r (xi + 1 < r < xi + 1) belonging to 
MU{en, ei2, • • • , ex(j-_i)}. Since j < xi and G M for Xi + t+1 < j < k, we have 
\E Kn [M] K S2 1 ] I + £* =1 <fe»M («,■) > A; - X! - 1 + §i - (j - 1) = k+ *f2t - - j + 1 
and hence \M\ > \M D (£ Kj >i,S])| + E;=i + |^ n[A /]K, Sj]] > x x + 

(A; + — xi—j + l) = k+ - j + 1. Combining this with j < Xi, t > 1 and 
X\ < |, we have \M\ > k + | — xi > /c, contradicting to |M| = A; — 1. 

By Claim 1, we have 5(Gi[S]) > Recall that there exists at most one vertex 
in i^ n [M] such that its degree is |, and x n -k < x n -k~i < • • ■ < X2 < x\ < |. Then 
< for 2 < ? < n — k. Now we continue to introduce our procedure. 

For W2 E S, without loss of generality, let S = S^USf and Sf = {ui, 112, ■ ■ ■ , u X2 } 
such that UjW2 E M for 1 < j < x 2 . Let S| = S\Sf = {u X2+ i, u X2+2 , • ■ ■ , Uk}. Then 
MjW 2 G -E(G) for X2 + I < j < k. Clearly, the tree T' 2 = w 2 u X2+ iUw2U X2+ 2U- ■ -U^Wfc 
is a Steiner tree connecting Sf . Our idea is to seek for x 2 edges in E Gl [Sf, Sf] and add 
them to T' 2 to form a Steiner tree connecting S. For each Uj E Sf (1 < j < X2), we 
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Figure 3. Graphs for Lemma [TT1 



claim that \Eox[uj, S 2 ]\ > 1. Otherwise, let \Eg 1 [uj, S 2 ] | = 0. Recall that \M\\ = x±. 
Then there exist k — x 2 edges between Uj and S 2 belonging to M U Mi , and hence 
\E Kn [M][uj,Sl}\ > k-x 2 -xi. Therefore, |M| > \E Kn[M] {uj, S%} \ + d Kn[M] (wi) + 
d>K n [M](.w 2 ) > (k — x 2 — Xi) + Xi + X2 = k, which contradicts to \M\ — k — 1. Choose 
the one with the smallest subscript among all the vertices of Sf with the maximum 
degree in GifS], say u[. Then search for the one adjacent to u[ with the smallest 
subscript among all the vertices of S 2 with the maximum degree in G^S 1 ], say u". 
Let e 2 i = u' x u'[. Consider the graph G 21 — Gi \ e 2 i, an d pick up the one with 
the smallest subscript among all the vertices of Sf \ u[ with the maximum degree 
in G ? 2i[S'], say u' 2 . Then we search for the one adjacent to u' 2 with the smallest 
subscript among all the vertices of S 2 with the maximum degree in G^il^], say u 2 . 
Set e 22 = u' 2 u'2- Consider the graph G 22 = G 2 i \ e 22 = Gi \ {e 2 i, e 22 }. For each Uj G 
Sf (1 < j < x 2 ), we proceed to find e 23 , e 2i , ■ ■ ■ , e 2x2 in the same way, and get graphs 
G 2j = Gi \ {e 2 i, e 22 , ■ ■ • , e 2 o-i)} (1 < j < x 2 ). Let M 2 = {e 2 i, e 22 , • • ■ , e 2x2 ] and 
G 2 = Gi\M\. Thus the tree T 2 = w 2 u X2+ iUw 2 u X2+2 U- ■ ■Uw 2 UkUe 2 iUe 22 U- ■ ■Ue 2x2 is 
our desired tree. Furthermore, T 2 and Ti are two internally disjoint trees connecting 
S. 

For Wi G S, without loss of generality, let S = S{ U S 2 and S{ = {ui, u 2 , ■ ■ ■ , u Xi } 
such that UjWi G M for 1 < j < x^. Set S 2 = S \ S{ = {u Xi+ i, u Xi+2 , ■ ■ ■ 
Then UjWi G E{G) for Xi + 1 < j < k. One can see that the tree T[ = WiU Xi+ i U 
WiU Xi+2 U • ■ ■ U WiUk is a Steiner tree connecting S 2 . Our idea is to seek for Xi 
edges in Ec i _ 1 [Sf, S 2 ] and add them to T[ to form a Steiner tree connecting S. 
For each Uj G S[ (1 < j < Xi), we claim that lEc^^Uj , S 2 ]\ > 1. Otherwise, let 
\Eci-! [ u j, SQl = 0. Recall that \Mj\ = Xj (1 < j < i). Then there are k — Xi 
edges between Uj and S 2 belonging to M U (U}=i ^j)-> an d hence \E Kn [ M j[uj, SQl > 
k-Xi- Y.) r>\r Therefore, \M\ > \E Kn[M] [ Uj , S^ + Ej=i W n (K n [ Wj ,S])\ > 
k — Xi — J2 l j=i x j + J2]=i x j = k, contradicting to \M\ = k — 1. Choose the one 
with the smallest subscript among all the vertices of S\ with the maximum degree in 
Gi_i[S'], say u' v Then search for the one adjacent to u[ with the smallest subscript 
among all the vertices of S 2 with the maximum degree in Gj-ifS 1 ], say u'[. Let 
Gii = u'iu". Consider the graph Gn = Gi-i \ en, pick up the one with the smallest 
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subscript among all the vertices of S{ \ u\ with the maximum degree in G^S 1 ], say 
u' 2 . Then we search for the one adjacent to u' 2 with the smallest subscript among 
all the vertices of S\ with the maximum degree in G^S], say u 2 . Set = u' 2 u 2 . 
Consider the graph Gi 2 = Gn \e»2 = \ {en, e^}- For each Uj G S\ (1 < j < Xi), 
we proceed to find e^, e«4, • • • , in the same way, and get graphs Gij = \ 
{en, e i2 , • • • , e i(j _i)} (1 < j < Let M t = {e a , e i2 , • • • , e iX2 } and G t = \ M { . 
Thus the tree Tj = WiU X2+ i U iyjW a , 2 +2 U ■ ■ • U WiUk U e^i U e i2 U • • • U e iXi is our desired 
tree. Furthermore, Ti,T 2 , ■ ■ ■ , Tj are pairwise internally disjoint trees connecting S. 

We continue this procedure until we obtain n — k pairwise internally disjoint 
trees Ti,T 2 ,--- , T n _fc. Note that if there exists some Xj such that Xj = then 
Xj+i = Xj + 2 = ■ ■ ■ = x n -k = since x\ > x 2 > • • • > x n _fc. Then T = WiU\ U u>jW2 U 
• • ■ WiUk (j < i < n — k) is our desired tree. From the above procedure, the resulting 
graph must be G n -k — G \ (J™^ Mi. Let us show the following claim. 

Claim 2. 5{G n - h [S\) > 
Proof of Claim 2. Assume, to the contrary, that 5(G n -k[S]) < namely, there 
exists a vertex u p G S such that dc n _ k [s](u p ) < ^=i. Since 5(G[5]) > by our 
procedure there exists an edge in G^j-i) incident to the vertex u p such that when 
we pick up this edge, d Gi][S ]{u p ) = but dG i(j _ 13 [s] fap) = ^Y L - 

First, we consider the case u p G S^. Then there exists a vertex n g G such 
that when we pick up the edge = u p u q from GrjG'-i) the degree of u p in 
Gij[S] is equal to *=±, that is, cZ Gy[ s]('Up) = *y and ^G i y_ 1) [s]('Up) = ^p- From 
our procedure, |£ , G i _ 1 [tx g , S^jl = |£ , <5 i y_ 1 . S^]]. Without loss of generality, let 
l-E'Gi-i S 2 ] I = t and itgWj G E(Gi-i) for Xj + 1 < j < Xj + t; see Figure 3 (b). Thus 
m p G {11^+1,1^+2, • • • , Uxi+t}, and u q Uj G M U (Ur=i for Xj + t + 1 < j < fc. 
Since Xi < (2 < i < n — k), it follows that jiSJl < From this together with 
6(G i - 1 [S\) > ^p, we have |£b i _ 1 [u 9 ,5 l i]| > 1, that is, t > 1. Since d Gj(j ._ 1)[lS fj(up) = 
by our procedure rfG i0 -i)[S]( u j) < pp for each Uj G (xj + 1 < j < Xi + t). 
Assume, to the contrary, that there exists a vertex u s (xi + l < s < Xi + t) such that 
^G iC:! _ 1 )[S](ws) > Then we should choose the edge u q u s instead of = 

by our procedure, a contradiction. We conclude that <iG l(j _ 1) [5]( M r) < pp for each 
« r E S 2 (xi + 1 < r < Xi+t). Clearly, there are at least k — 1 — = | edges incident 
to each u r (xj + 1 < r < Xj + t) belonging to M U (Uj=i ^f) U{ e ;i> e «2, • • ■ , ^i(j-i)}- 
Since j < Xi and G M U (IJr=i ^r) for Xj + t + 1 < j < A;, we have 

i=i i=i 

> k H — t — Xj — Xi + 1 (since j < Xj) 

i=i 

and hence 
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\M\ > ^\ Mn ( E K>j^])\+Y,dK n[ M](u j ) + \E Kn[M] [u q ,S. 

3=1 3=1 

> J^Xj + k + ^^t-^Txj-Xi + l 
3=1 3=1 

, k-2 

= K H - 1 - Xi + 1 

k — 2 

> k H Xj + 1 (since t > 1) 



/ fc-2\ 
I sznce Xj < — - — I 



which contradicts to \M\ — k — 1. 

Next, assume u p G S^. Recall that dG«[S](w p ) = ^=^. Since u p G S^, it follows 
that dc^is^Up) = ^y~- If u p G flj^i'Si; namely, u p Wj G M (1 < j < i), then by 
our procedure d G [s](u p ) = + i — 1 and hence d,K n [S]nM{ u p) = k — 1 — + 
i — 1) = | — i + 1. Since it p tOj G M for each iti,- 6 S (1 < j < i), we have 
^„[j\/](^p) = d Kn[3]nM (u p ) + (iif„[ S ,s]ntf(^) > (| + i = contradicting 

to A(K n [M]) < |. Combining this with u p G S{, we have u p flj=i an d we can 
assume that there exists an integer i' ii' < % — 1) satisfying the following conditions: 

• u p e S l z and d G .,[s] (u p ) < d G .,_ l [ S ](u p ); 

• if u p belongs to some S J 2 (i' + 1 < j < i) then d G][S ]{u p ) = d Gj _ l[s] (u p ). 
The above two conditions can be restated as follows: 

• u p Wi> G E(G) and d G . l[s] (u p ) < d G .,_ l[S] (u p ); 

• if u p Wj G E(G) (i 1 + 1 < j < i) then d Gj[s] (u p ) = d G ._ l[S] (u p ). 

In fact, we can find the integer i' such that w p uv G -E(G) and ^/[s^p) < 
d G ., [s\(u p ). Assume, to the contrary, that for each Wj (1 < j < i), u p Wj G M, 
or UpWj G -E'(G') but d G .[s](u p ) = da^^s^Up). Let i\ [i\ < i) be the number 
of vertices nonadjacent to u p G 5* in {w\, W2, ■ ■ • , Wj-i} C S*. Without loss of 
generality, let u^-Up G M (1 < j < h). Recall that d G .. [S] (u p ) = Thus 
dc[s]0 P ) = + *i and nence ^n[S]nM(Mp) > A; - 1 - + Zi) = _ ^. 

Since w;,,-Up G M (1 < j < ii), it follows that d Kn ^ s ^ nM {u p ) > i\, which results in 
d Kn [M](u p ) = d Kn[S ]nM(u p ) + d Kn[s> g\ nM (u p ) > - ii) +ii = *±2, contradicting 
to A(K n [M\) < §. 

Now we turn our attention to u p G S 1 ^'. Without loss of generality, let u p Wj G 
M (j G {ji, j 2 , • ■ ■ Jh}), namely, u p G Sf n Sf H ■ ■ ■ n Sf\ where ji , j 2 , • ■ ■ Jh G 
{i' + l,i' + 2,--- Then W G E{G) (j G + 1, i' + 2, ■ ■ ■ ,i}\{ji,h,-- - ,j h }). 
Clearly, i\ < i — i'. Recall that u p G S{ and d Gij [s](u p ) = Thus d G ., [s] (u p ) = 
+ i\. By our procedure, there exists a vertex u q G S( such that when we 
pick up the edge e^j = u p u q from G^y-i)^] the degree of m p in Gi'jfS'] is equal 
to ^ + ii, that is, ^/.[^(up) = ^ + «i and d G . . ys\{u p ) = ^ + i\. From 
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our procedure, \Ec i ,_ 1 [u q , S^'] \ = ^ll- Without loss of generality, let 

\EG.,_,[u q , 5*2] I = t and Wq-Uj G E^Gy-i) for Xj/ + 1 < j < x«/ + 1; see Figure 3 (c). 

Thus u p € {w^+i, Ux.,+2, ' • • , u x . l+t }, and u q Uj e M U flJr=i M) for av + t + 1 < 
j < k. Since ^ < ^ (2 < j < n - k), it follows that \S'(\ < From 
this together with 6(G i >- 1 [S]) > we have lEa.^^Uq, S(]\ > 1, that is, t > 1. 
Since d G ., ( ._ 1)[S ](u p ) = ^ +i u by our procedure c^.^siOj) < ^ + ii for each 
Uj E S\ (xi' + 1 < j < xy + t). Assume, to the contrary, that there is a vertex 
u s (xi> + 1 < s < %i' + 1) such that da^^^s^Us) > ^f^ + ii + 1. Then we should 
choose the edge u g u s instead of = u g u p by our procedure, a contradiction. We 
conclude that dG i , u _ 1) [s](u r ) < + i\ for each u r £ S\ (x^ + 1 < r < Xi> + 1). 
Clearly, there are at least k — 1 — (^p+^i) — edges incident to each w r + 1 < 
r < Xi> + t) belonging to M U (U}=i M?) U{ e i'i' e «'2> ' ' ' j e i'{j-i)}- Since j < Xj/ and 
u q Uj G M U (Ur=i M) f° r + ^ + 1 < i < fc, we have 



t 



> k-Xj' -t + (^ — kjt-^Xj- (j - 1) 



> — £j + ( — %\ ) t — x^ + 1 (since j < x t 



i=i 



, /Jfe-2 A 
> — Xj + I — i + i J t — x^ + 1 (since %\ < i — i ) 

i=i ^ ' 

and hence 

i p 

\m\ > ^|Mn(^j^^])| + ^^ B [M]K-) + |^ n[ M]K,^]| 

, A fk-2 A 

j=i j=i ^ ' 

= /c + H (i — i') — Xi> + 1 (since t > 1) 

/ A; — 2 
> A; + 1, I since Xj' < an<i x,- > 1 /or i' + 1 < j < % 



contradicting \M\ = k — 1. This completes the proof of Claim 2. 

From our procedure, we get n — k internally disjoint trees connecting S in G, 
say Tx,T 2 , • • • ,T n _ k . Recall that G n ^k = G \ IJ^Ti Mi- We can regard Gn^S 1 ] = 
^[•S 1 ] \ (Ur=f M) as a graph obtained from the complete graph K k by deleting 
|M'|+E"=i fc Wi\ edges. Since |M'| + Er=t |M| + |M"| = rm+JXf x i + m 2 = k-1, 
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we have 1 < |M;| + m x < k - 1. By Claim 2, <5(G n _ fc [S]) > and hence 

2 < A(G n _fc[S']) < |. From Lemma EH there exist edge-disjoint spanning trees 
connecting S in G„_fc[S]. These trees together with Ti,T 2 , • • ■ ,T„_ fc are n — | — 1 
internally disjoint trees connecting 5 in G, namely, k(S) > n — | — 1. From the 
arbitrariness of 5, we have K k {G) > desired. □ 

We can now prove our main results. 

Proof of Theorem [2j Assume that Kk(G) — n — § — 1. Since G of order 
n is connected, we can regard G as a graph obtained from the complete graph 
K n by deleting some edges. From Lemma HI it follows that \M\ > 1 and hence 
A(K n [M}) > 1. If G = K n \ M where M C E(K n ) such that A(AT n [M]) > § + 1, 
then Kk(G) < \k(G) < n — | — 1 by Observation [T] and Corollary [Tj, a contradiction. 
So 1 < A(K n [M}) < §. If 2 < A(iT„[M]) < f and |M| > fc, then n k (G) < 
\k(G) < n — | — 1 by Observation [1] and Lemma [71 a contradiction. Therefore, 

1 < \M\ < k - 1. If A(K" n [M]) = 1, then 1 < |M| < k - 1 by Lemma El We 
conclude that 1 < A(K n [M}) < \ and 1 < |M| < k - 1, as desired. 

Conversely, let G = K n \ M where M C E(K n ) such that 1 < A(fsf n [M]) < | 
and 1 < |M| < k — 1. In fact, we only need to show that Kk{G) > n — | — 1 for 
A(K n [M]) = 1 and |M| = k - 1, or 2 < A(AT n [M]) < | and \M\ = k - 1. The 
results follow by (1) of Lemma ITUl and Lemma fTTl 

Proof of Theorem [3l If G is a connected graph satisfying the condition (2), 
then Kfc(G) = n — | — 1 by Theorem [2l From Observation (H \k(G) > Kk(G) = 
n — | — 1. Combining this with Lemma HI we have \k(G) — n — | — 1. Assume 
that G is a connected graph satisfying the condition (1). We only need to show 
that X k (G) = n - | - 1 for \M\ = [f J. The result follows by (2) of Lemma M and 
Lemma [5j 

Conversely, assume that \k(G) = n — | — 1. Since G of order n is connected, 
we can consider G as a graph obtained from a complete graph by deleting 
some edges. From Corollary [Tj G — K n \ M such that A(K n [M]) < |, where 
M C E( J fC n ). Combining this with Lemma El we have \M\ > 1 and A(K n [M}) > 1. 
So 1 < A(K n [M}) < |. It is clear that if A(if n [M]) = 1 then 1 < \M\ < [fj. If 

2 < A(K n [M]) < |, then 1 < \M\ < k - 1 by Lemma [7J So (1) or (2) holds. 

Remark 3. As we know, X(G) = n — 2 if and only if G = \ M such that 
A{K n [M\) = 1 and 1 < |M| < [fj, where M C So we can restated the 

above conclusion as follows: \2{G) = n — 2 if and only if G = A' n \ M such that 
A(K n [M}) = 1 and 1 < |M| < [fj, where M C E(A„). This means that 4 < fc < n 
in Theorem |3] can be replaced by 2 < A; < n. 



18 



References 



[1] J.A. Bondy, U.S.R. Murty, Graph Theory, GTM 244, Springer, 2008. 

[2] G. Chartrand, S.F. Kappor, L. Lesniak, D.R. Lick, Generalized connectivity in 
graphs, Bull. Bombay Math. Colloq. 2(1984), 1-6. 

[3] G. Chartrand, F. Okamoto, P. Zhang, Rainbow trees in graphs and generalized 
connectivity, Networks 55(4) (2010), 360-367. 

[4] M. Grotschel, The Steiner tree packing problem in VLSI design, Math. Pro- 
gram. 78(1997), 265-281. 

[5] M. Grotschel, A. Martin, R. Weismantel, Packing Steiner trees: A cutting plane 
algorithm and commputational results, Math. Program. 72(1996), 125-145. 

[6] K. Jain, M. Mahdian, M. Salavatipour, Packing Steiner trees, in: Pro. of the 
14th ACM-SIAM symposium on Discterte Algorithms, Baltimore, 2003, 266- 
274. 

[7] M. Kriesell, Edge-disjoint trees containing some given vertices in a graph, J. 
Combin. Theory, Ser.B 88(2003), 53-65. 

[8] M. Kriesell, Edge-disjoint Steiner trees in graphs without large bridges, J. Graph 
Theory 62(2009), 188-198. 

[9] L. Lau, An approxinate max-Steiner-tree-packing min- Steiner- cut theorem, 
Combinatorica 27(2007), 71-90. 

[10] H. Li, X. Li, Y. Sun, The generalied 3- connectivity of Cartesian product graphs, 
Discrete Math. Theor. Comput. Sci. 14(1)(2012), 43-54. 

[11] S. Li, W. Li, X. Li, The generalized connectivity of complete bipartite graphs, 
Ars Combin. 104(2012), 65-79. 

[12] S. Li, W. Li, X. Li, The generalized connectivity of complete equipartition 3- 
partite graphs, Bull. Malays. Math. Sci. Soc, in press. 

[13] S. Li, X. Li, Note on the hardness of generalized connectivity, J. Combin. Op- 
timization 24(2012), 389-396. 

[14] S. Li, X. Li, W. Zhou, Sharp bounds for the generalized connectivity n^{G), 
Discrete Math. 310(2010), 2147-2163. 

[15] X. Li, Y. Mao, Y. Sun, On the generalized (edge-) connectivity of graphs, 
larXiv:1112.0T27l [math.CQ] 2011. 



19 



[16] C.St. J. A. Nash- Williams, Edge-disjonint spanning trees of finite graphs, J. Lon- 
don Math. Soc. 36(1961), 445-450. 

[17] F. Okamoto, P. Zhang, The tree connectivity of regular complete bipartite 
graphs, J. Combin. Math. Combin. Comput. 74(2010), 279-293. 

[18] N.A. Sherwani, Algorithms for VLSI Physical Design Automation, 3rd Edition, 
Kluwer Acad. Pub., London, 1999. 

[19] W. Tutte, On the problem of decomposing a graph into n connected factors, J. 
London Math. Soc. 36(1961), 221-230. 

[20] D. West, H. Wu, Packing Steiner trees and S-connectors in graphs, J. Combin. 
Theory, Ser.B 102(2012), 186-205. 



20 



Appendix 

An example for Case 2 of Lemma ITT1 

Let k = 8, and G = K n \ M where M C E(K n ) be a connected graph of order n 
such that \M\ = k - 1 = 7 and A(if n [M]) < | = 4. Let S = {u u u 2 , • • ■ ,u s }, S = 
V(G) \S — {wt, w 2 , ■ ■ ■ , M)„-8} and M = {wiUt, wiu 2 , Wiu 3 , w 2 u 2 , w 2 u^ u 5 u e , uqu 8 }; 
see Figure 4 (a). Clearly, xi = \E Kn[M] [wi, S]\ = 3 > x 2 = \E Kn[M] [w 2 , S]\ = 2 > 
^ = |#*: n [M]K, Si | = (3 < % < n - 8). 

For wi, we let S± = {ui,u 2 ,Us} since W\Ui, W\u 2 , W\u% G M. Set = S \ 
S{ = {u4,u 5 ,u 6 ,u 7 ,u 8 }. Clearly, d G [s]Oi) = d G[s \{u 2 ) = d G [s\(ua) = 7 = k-1 
and hence Ui,u 2 ,Us are all the vertices of S\ with the maximum degree in G[S}. 
But U\ is the one with the smallest subscript, so we choose u[ = U\ in S\ and 
search for the vertex adjacent to u\ in S\ and obtain it 4 , U5, i*6, ^7, ^8 G ^ since 
uiwj G (j = 4, ••■ ,8). Obviously, f2 G [s](u 4 ) = cZ G [ 5 ](it 7 ) = 7 > d G[s] (u 5 ) = 

dG[s]( u 8) = 6 > rf G [5]( M 6) — 5 and hence m 4 ,m 7 are two vertices of Si with the 
maximum degree in G[S]. Since U4 is the one with the smallest subscript, we pick 
up u'[ = u 4 G Si and put en = u' 1 u"(= u±u^). Consider the graph Gn = G \ en. 
Since d Gll [s](u 2 ) = d Gll [s](us) = 7 and the subscript of u 2 is smaller than w 3 , we 
choose u' 2 = u 2 in S\ \ u[ and search for the vertices adjacent to u' 2 in Si and obtain 
m 4 ,m 5 ,m 6 ,m 7 ,m 8 G S^ 1 since u' 2 Uj G J5(G U ) (j = 4, • • • ,8). Since d Gll[S ](u 7 ) = 7 > 
rf G n [s]Oj) = 6 > d Gll [ S] (w 6 ) = 5 (j = 4, 5, 8), we pick up w 2 ' = u 7 G S^ 1 and get e 12 = 
u' 2 u 2 (= u 2 u 7 ). Consider the graph Gi 2 = Gn\ei 2 = G\{eu, e\ 2 }. There is only one 
vertex U3 in Si \ {u[, u' 2 } — S± \ {ui, u 2 }. Therefore, let u' 3 = U3 and search for the 
vertices adjacent to u' 3 in £2 and obtain Uj G Si since u' 3 Uj G E(Gi 2 ) (j = 4, ■ ■ • ,8). 
Since d Gl2 [s](uj) = 6 > d Gl2 [ S ](u 6 ) — 5 (i — 4, 5, 7, 8), it follows that u 4 , u 5 , u 7 , u 8 are 
all the vertices of Si with the maximum degree in G\ 2 [S] . But u 4 is the one with the 
smallest subscript, so we choose u' 3 ' = 114 G Si and get ei3 = W3W3 (= U3U4). Since 
xi = |£?if n [jvf][iui, S>]\ = 3, we terminate this procedure. Set Mi = {en, e± 2 , e^} and 
Gi = G\M±. Thus the tree Ti = witt4Uwitt5Uwitt6UwiM7UwiM8Urtitt4Utt2M7Uu3W4 
is our desired tree; see Figure 4 (6). 

For u> 2 , we let Sf = {u 2 , 114} since w 2 u 2 , w 2 u 4 G M. Let Sf = S \ Sf = 
{u\, us, W5, u 6 , u 7 , n 8 }. Since <i Gl [s](u 2 ) = 6 > d Gl [s](u 4 ) = 5, it follows that u 2 is the 
vertex of S\ with the maximum degree in GifS 1 ]. So we choose u\ = u 2 in Sf and 
search for the vertices adjacent to u[ (= u 2 ) in S 2 and obtain u±, U3, u$, uq, u$ G S 2 
since G E(G 21 ) (j = 1,3,5,6,8). Since d Gl [S](uj) = 6 > d Gl [s](w 6 ) = 5 (j = 
1, 3, 5, 8) and m 4 is the vertex of the maximum degree with the smallest subscript, we 
choose u'{ = U\ G S 2 . Put e 2 i = v! x u'[ (= u 2 U\). Consider the graph G 21 = G\ \ e 24 . 
Clearly, S'i\{m / 1 } = Si\{-u 2 } = {^4}, so we let u' 2 = m 4 and search for the vertices ad- 
jacent to u' 2 (= U4) in 5*1 and obtain w 5 , u 6 , u 7 , u$ since u 2 uj G E{G) (j = 5, 6, 7, 8). 
Since d G21 [s\(uj) = 6 > rf G21 [s](«6) = 5 (j = 5,7,8) and u 5 is the one with the 
smallest subscript, we choose u 2 = u 5 G S 2 and get e 22 = u 2 u 2 (= u 4 u 5 ). Since 
x 2 = \E Kn [M][w 2 , S]\ = 2, we terminate this procedure. Let M 2 = {e 2 i,e 22 } and 
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G<2 = Gi\M 2 . Then the tree T 2 = W2UiUw2U 3 Uw2U 5 Uw2U 6 Uw2U 7 Uw2UsLiu2UiUu4 : u 5 
is our desired tree; see Figure 4 (c). Obviously, T 2 and T\ are two internally disjoint 
trees connecting S. 

Since Xi = \E Kn [ M ][wi, S] \ = for 3 < i < n — 8, we terminate this procedure. 
For u> 3 , • • • , w n _ 8 , the trees Tj = WiU\ U WiU 2 U • • • U WiU 8 (3 < i < n — 8) (see Figure 
4 (oQ) are our desired trees. 

We can consider G2IS] = G[S] \ {M^il^} as a graph obtained from complete 
graph K k by deleting \M D K n [S}\ + \Mt\ + \M 2 \ edges. Since \M f] K n [S]\ + \M 1 \ + 
IM2I = 2 + 3 + 2 = 7= /;; — 1, from Lemma |9l there exist 3 edge-disjoint spanning 
trees connecting S in G[S] (Actually, we can give 3 edge-disjoint trees spanning 
connecting S; see Figure 4 (e). For example, the trees T{ = Uiu 8 U u 8 U4 U m 4 m 6 U 
UqUz U U U M5M7, = U U7U8 U U U3U1 U M1M5 U Mi«6 U u$U2 and 
T3 = n 2 n 4 U n 2 n 8 U n 8 n 5 U u 5 u 3 U n 3 n 7 U U\u-j U n 7 n 6 can be our desired trees). These 
three trees together with Ti, T 2 , • ■ ■ , T n _§ are n — 5 = n — | — 1 internally disjoint 
trees connecting S 1 , namely, A(S*) > n — 5. 
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